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Abstract
In general, ring theory is focused on atomic rings, i.e. rings in which every element has some
factorization into irreducible elements. In a recent paper of Boynton and Coykendall [2], the two
authors introduce two properties that are slightly weaker than atomicity, which they call “almost
atomicity” and “quasiatomicity”. In this paper, we classify various subatomic properties and
show that they are all distinct.
1 Introduction
Much of ring theory is either focused on UFDs or arbitrary commutative rings. This dichotomy leaves
out many properties that are weaker than unique factorization, but are still important in their own
right. One of the first attempts to rectify this problem was a paper of D. D. Anderson, D. F. Anderson,
and M. Zafrullah [1], in which the authors classify rings in which every element can be factored, but
not necessarily uniquely. In this paper, we classify various types of subatomic domains, i.e. those
which do not possess factorization, but still satisfy similar, weaker conditions.
Figure 1 shows how all of the properties in this paper relate to each other. The central goal of this
paper is to establish that Figure 1 is “complete” in the sense that there are no additional implications
that we did not include. This paper mostly completes that goal with a few exceptions, discussed at
the end of this introduction.
Conjecture 1. None of the arrows in Figure 1 are bidirectional.
Conjecture 2. Figure 1 requires no additional arrows.
The properties we investigate are of two types. “Subatomic” domains possess the property that for
α in the ring, there exists some β satisfying a certain set of conditions such that αβ can be expressed
as the product of irreducible elements. In a “sub-Furstenberg” domain, for every element α, there
exists some β satisfying a certain set of conditions such that αβ has an irreducible divisor that does
not divide β.
Given that Figure 1 contains so many properties and arrows, it would seem as though we have to
prove a lot of results. In fact, we can reduce the number of results we have to prove by establishing
domains that have very specific sets of properties. For example, a semi-atomic domain that is not
Furstenberg is also a semi-atomic domain that is not atomic and a semi-Furstenberg domain that is
not Furstenberg. With this in mind, we reduce the proofs of Conjectures 1 and 2 to six constructions.
(i) A semi-atomic domain that is not Furstenberg.
(ii) An almost atomic domain that is not semi-Furstenberg.
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Figure 1: Various classes of rings.
(iii) A quasi-atomic domain that is not almost Furstenberg.
(iv) A semi-Furstenberg domain that is not almost Furstenberg.
(v) A Furstenberg domain that is not quasi-atomic.
(vi) A domain that is neither quasi-Furstenberg nor antimatter.
Of the six statements listed above, we show all of them with the exceptions of (iii) and (iv).
2 Generalizations of Atomicity
For a ring D, D∗ is the ring of units. Of the definitions in this section, “semi-atomic” is the only one
that is original to this article.
Definition 3. An atomic domain, or “factorization domain” is an integral domain in which every
non-unit element is a product of irreducible elements [4].
Definition 4. An integral domain D is semi-atomic if there exists some β ∈ D such that for all
α ∈ D\D∗, αβ is a product of irreducible elements.
Definition 5. An integral domain D is almost atomic if for all α ∈ D\D∗, there exist irreducible
elements pi1, pi2, . . . , pin ∈ D such that αpi1pi2 . . . pin is a product of irreducible elements [2].
Definition 6. An integral domain D is quasi-atomic if for all α ∈ D\D∗, there exists some β ∈ D
such that αβ is a product of irreducible elements [2].
We want to show that Figure 1 shows us the “subatomic” properties in the correct order. The
only nontrivial part is the following result.
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Lemma 7. All semi-atomic domains are almost atomic.
Proof. Let R be a semi-atomic domain. By definition, there exists some element β such that αβ is
a product of irreducible elements for all non-unit α ∈ R. If β were a unit, then αβ would only be a
product of irreducible elements whenever α is, implying that R is atomic. Suppose β is not a unit.
Then, β2 is a product of irreducible elements because it is the product of β and a non-unit element
of R. If α is not a unit, then neither is αβ. So, αβ2 = (αβ)β. Multiplying any non-unit element by
β2 produces a product of irreducible elements. Because β2 is the product of irreducible elements, R
is almost atomic.
At this point, we have not shown that the four properties in this section are distinct. We close this
section with two simple examples showing that atomicity is stronger than almost atomicity, which is
in turn stronger than quasi-atomicity.
Example 8. We construct an almost atomic domain that is not atomic. Let D = Z[x] + x2Q[x].
(Another representation is Z+Zx + x2Q[x].) Let f(x) be an element of D in which the smallest
exponent is qxk with q ∈ Q \Z. By definition, k > 1. So, f(x) is a multiple of every rational prime.
But, the product of every rational prime is not an element of D. Therefore, f(x) is not atomic.
Let q = m/n, where m and n are relatively prime integers. We see that nf(x) = xk−1g(x), where
g(x) is a polynomial in which the term with the smallest exponent is mx. xk−1 is atomic because x is
irreducible. Let g(x) = g1(x) . . . gk(x), where each gi(x) is an element of D. We show that k cannot
be arbitrarily large. If the product of non-units is mx, then there are at most ω(m) + 1 of those
non-units, where ω(m) is the number of (not necessarily distinct) prime factors of n. 1 is a term of
all but at most ω(m) + 1 of the gi’s. The rest of them have positive degree. There are at most deg(g)
of these terms. k ≤ ω(m) + deg(g) + 1. nf(x) is atomic and D is almost atomic.
Example 9. We construct a quasi-atomic domain that is not almost atomic. Let D = Z[x]+x2 R[x].
Let f(x) be an element of D in which the smallest coefficient is rxk with r ∈ R \Q. Once again, k > 1
and f(x) is a multiple of every rational prime. Because the rational primes are themselves irreducible
in D, f(x) is not. Hence, any element f ∈ D in which the term with the smallest coefficient is rxk
with r ∈ R \Q is not irreducible. Because r is not a product of integers, f(x) is not atomic.
We can also show that we cannot multiply f(x) by any atomic element and obtain another
atomic element. Let g1(x), . . . , gn(x) ∈ D be atomic. Let the first terms of these polynomials be
a1x
k1 , . . . , anx
kn . Each ai is an integer. The first term of f(x)g1(x) . . . gn(x) is ra1 . . . an, which is
still not an integer because r is irrational. Thus, f(x)g1(x) . . . gn(x) is not atomic. D is not almost
atomic.
Let p(x) be any non-zero element of D. Let rxk be the first term of h(x). Consider the product
q(x) = (x2/r)p(x). The first term of q(x) is xk+2. Therefore, q(x) = xk+1h(x). The first term of h(x)
is x. Every other term has a real coefficient and an exponent greater than 1. Therefore, h(x) ∈ D.
The only constant factors of h are ±1 because x is the first term of h(x). Let d be the degree of h.
If h(x) = h1(x) . . . hm(x), where each hi is an element of D, then m ≤ d because h has no nontrivial
constant factors. h(x) is atomic. Hence, D is quasi-atomic, but not almost atomic.
Kaplansky’s Theorem states that a domain is a UFD if and only every prime ideal contains a prime
element. We provide a similar theorem for quasiatomic domains with a similar proof. [8, Thm. 1.1.5]
Theorem 10. Assuming Zorn’s Lemma, a domain is quasiatomic if and only if every prime ideal
contains an irreducible element.
Proof. Let R be a quasiatomic domain with prime ideal P . Let α be a non-zero element of P . Because
R is quasiatomic, there exists some β such that αβ is atomic. αβ ∈ P . We may write αβ as pi1 . . . pin
with each pii irreducible. P contains some pii because it is a prime ideal.
Let S be the set of atomic elements of R. Let α ∈ R\(S ∪ {0}). Suppose αR ∩ S = ∅. αR is
contained in an ideal P , which is maximal with respect to R\S. P contains an irreducible pi. However,
piR ∩ S = ∅. But, pi ∈ S, which is impossible.
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Thus, αR ∩ S 6= ∅. Then, there exists some β ∈ R such that αβ ∈ S. By definition, αβ is atomic.
Therefore, R is quasiatomic.
3 Furstenberg Domains
In 1955, Furstenberg published his “topological” proof of the infinitude of primes [7]. Clark recently
proved that Furstenberg’s proof works in any integral domain in which there are finitely many units
and every non-unit element has an irreducible divisor [3]. This result leads us to a new definition.
Definition 11. In a Furstenberg domain, every non-unit element has an irreducible divisor.
It is clear that all atomic domains are also Furstenberg. We no longer demand that elements
be factorable into irreducible elements, but merely that they have some irreducible divisor. We can
modify each of the definitions in the previous section with this idea in mind. All of the following
definitions are original to this paper.
Suppose an X-atomic domain D has the property that for all non-unit α ∈ D, there exists some
β ∈ X such that αβ is a product of irreducible elements. We define an X-Furstenberg domain as one
in which for all non-unit α, there exists some β ∈ X such that αβ has an irreducible divisor pi that
does not divide β. If we did not impose the condition that pi could not divide β, then the definition
would be meaningless. We would simply let β be irreducible. Then, β would be an irreducible divisor
of αβ. X-atomic implies X-Furstenberg.
Definition 12. In a semi-Furstenberg domain D, there exists some element β ∈ D such that for any
α ∈ D\D∗, there exists some irreducible pi ∈ D such that pi divides αβ, but not β.
Definition 13. D is almost Furstenberg if for any α ∈ D\D∗, there exist irreducible elements
pi, γ1, γ2, . . . , γn such that pi divides αγ1γ2 . . . γn, but pi does not divide γ1γ2 . . . γn.
Definition 14. D is quasi-Furstenberg if for any α ∈ D\D∗, there exist β, pi ∈ D such that pi is
irreducible, pi divides αβ, and pi does not divide αβ.
The weakest condition that we can impose on an integral domain is simply that it has irreducible
elements, without assuming any structure on those elements.
Definition 15. An antimatter domain contains no irreducible elements [5].
Example 16. Let D = F2[X ](X), where X = {x
α : α ∈ Q+}. Every element of D has the form x
αu,
where α is a non-negative rational number and u is a unit. D has no irreducible elements because
xα = xβxα−β for all β < α. Hence, D is an antimatter domain.
Example 17. We present a domain that is both semi-Furstenberg and almost Furstenberg, but not
Furstenberg. Let D =
⋃
∞
n=1(ZJx
1/nK + x1+(1/n)QJx1/nK). D is the ring of power series with rational
coefficients in which the coefficient of xq is an integer when q ≤ 1 and the exponents have bounded
denominator.
The irreducible elements of D are precisely those in which the constant term is a rational prime.
Note that xq is never irreducible because xq = (xq/2)2. x is not a multiple of any irreducible element.
Consider xf(x), where f is a non-unit element of D with constant term c(f). Let q be the smallest
exponent of f . If q is positive, then the smallest exponent of xf(x) is 1 + q > 1. Therefore, f(x) is
a multiple of every rational prime, even though x is not a multiple of any rational prime. Suppose
q = 0. Then, f(x) already has a rational prime divisor because c(f) has such a divisor. xf(x) does
as well. Thus, D is semi-Furstenberg.
Because f is not a unit, c(f) 6= ±1. So, c(f) has a prime factor p. Consider (p+ x)f(x). p clearly
divides pf(x). The first term of xf(x) is c(f)x. Every other term has an exponent greater than 1.
Therefore, p divides xf(x) as well. Thus, p | (p+x)f(x), even though p does not divide the irreducible
element p+ x. Hence, D is almost Furstenberg.
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4 A Semi-Atomic Domain That Is Not Furstenberg
Because there are countably many primes, we may associate every pair of positive integers with a
distinct odd prime. Let pn,m be the odd prime associated to the pair (n,m) with m odd. Let α be
any positive irrational number. Finally, let S be the additively closed set generated by the following
elements.
(i) α.
(ii) 1/2n with n ∈ Z.
(iii) p−1n,m(α+ (m/2
n)) with m,n ∈ Z+ and m odd.
Let D = F2[X ](X) with X = {x
α : α ∈ S}. D is not Furstenberg because xm/2
n
has no irreducible
divisors for any m,n ∈ Z+. We now show that it is semi-atomic.
Lemma 18. Every element of D has the form xqf(x) where q is a non-negative rational number and
f(x) is atomic.
Proof. Suppose r = p−1n,m(α + (m/2
n)) was a sum of smaller elements of S. r − α /∈ S because the
coefficient of α is negative. If q ∈ Q+, then r − q /∈ S because we cannot express 1/pn,m as a sum
of any other reciprocals of primes. Finally, we cannot subtract any other elements from (iii) because
the coefficient of α would be a fraction in which the denominator has multiple prime factors that can
only be generated by the primes we used. We cannot express r as a sum of more than one element of
S.
Let g(x) = xb1 + . . .+xbn ∈ D where each bi is an element of S∪{0}. Let qi be the largest rational
number for which bi − qi ∈ S. Such an element exists for bi because it exists for each generator of
S. Let q = min(q1, . . . , qn). Then, g(x) = x
qf(x). One of the exponents of f(x) is bi − qi. xbi−qi is
atomic because bi − qi is the sum of a multiple of α and various terms of the form p−1n,m(α+ (m/2
n)),
all of which cannot be expressed as a sum of smaller terms. Hence, f(x) is atomic.
Corollary 19. D is semi-atomic.
Proof. We show that xαg(x) is atomic for any g(x) ∈ D. We already established that xα is irreducible.
If g(x) is atomic, then so is xαg(x). Suppose g(x) is not atomic. Then, it has the form xqf(x) for
some q ∈ Q+ and atomic f(x). Let q = m/2
n with m odd.
xαxq = xα+(m/n) = (xp
−1
n,m(α+(m/n)))pn,m
In this case, xαg(x) = xα+qf(x) is atomic.
5 An Almost Atomic Domain That Is Not Semi-Furstenberg
In this construction, each xn, yn, and zγ is an indeterminate. Let R0 = F2[Y0] with Y0 = {yα0 : α ∈
Q+}. For each non-negative integer n, we define Rn as follows.
Rn+1 = Rn[zγ ]
[
xn+1γ
zγ
]
γ∈Γn
[Yn+1]
Yn = {y
α
n : α ∈ Q+}
Γn = {α ∈ Rn : α not atomic in Rn}
D =
∞⋃
n=0
Rn
We prove that D is almost atomic, but not semi-Furstenberg using a few lemmas.
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Lemma 20. U(Rn) = U(Rn−1).
Proof. Fir a specific γ ∈ Γn−1. Let u ∈ U(Rn−1[zγ ]). There exist a0, . . . , am with the following
property.
u = a0 + a1zγ + . . .+ amz
m
γ
Because u is a unit, it has an inverse v.
v = b0 + b1zγ + . . .+ bkz
k
γ
uv = 1 ∈ Rn−1. Therefore, u = a0 and v = b0. We see that u, v ∈ U(Rn−1). A similar argument
occurs when we adjoin xnγ/zγ in that neither u and v can contain powers of xn. It is not a problem
that Γn−1 may be infinite because a polynomial can only contain finitely many indeterminates. A
similar process occurs when we adjoin Yn.
Lemma 21. Irr(Rn−1) ⊂ Irr(Rn).
Proof. Let α ∈ Irr(Rn−1). Suppose α = βτ with β, τ ∈ Rn. If β and τ are both elements in Rn−1,
then one of them must be an element of U(Rn−1) and therefore U(Rn). Thus, β or τ is an element of
Rn\Rn−1. This is impossible as it would imply that βτ contains a term with an xn, yn, or zγ .
Lemma 22. Let γ ∈ Rn−1. Then, γxn is atomic in D.
Proof. Suppose γ /∈ Γn−1. Then, γ is atomic in Rn−1. The irreducible elements of Rn−1 are also
irreducible in Rn. Therefore, γ is atomic in Rn as well. xn is irreducible in Rn, making γxn atomic.
Suppose γ ∈ Γn−1. Then, γxn = zγ(γxn/zγ). Once again, γxn is atomic.
Lemma 23. ∄β ∈ Rn such that βyn has an irreducible divisor that β does not have.
Theorem 24. D is almost atomic, but not semi-Furstenberg.
Proof. Let γ ∈ D. Then, there exists some n ∈ Z+ such that γ ∈ Rn. γxn+1 is atomic by Lemma 21.
Therefore, D is almost atomic. Suppose D is semi-Furstenberg. Then, there exists some β ∈ D such
that if α ∈ D, then αβ has an irreducible divisor that α does not. Once again, there exists some n
for which β ∈ Rn. Let α = yn. Then, every irreducible divisor of βyn also divides β.
6 Two Final Domains
In this section, we obtain examples of the last two items of our list in the introduction. Because they
are short proofs, they do not get their own sections.
Lemma 25. Not all Furstenberg domains are quasi-atomic.
Proof. Let D = Z+xQ[x]. In other words, D is the ring of polynomials with rational coefficients
in which the constant term is an integer. The irreducible element of D are the rational primes and
the polynomials with constant term 1 that are irredudicble in Q[x] [2]. Let α ∈ D and let c be the
constant term of α. If c 6= ±1, then c has a rational prime divisor p. So, p divides α. If c = ±1, then
c has no non-unit constant divisors. If we write α as a product of non-unit elements, then the number
of terms in that product is at most the degree of α. In this case, we can express α as a product of
irreducible elements. D is Furstenberg.
Let p be a rational prime. If p is a product of two elements α, β ∈ D, then α and β have degree
zero. Therefore, α and β are integers. Either α or β is ±p because p is prime. The rational primes
are irreducible in D.
Let f be a polynomial with constant term 0. Then, f(x) = p(f(x)/p) for any prime p. f(x)/p is
an element of D because its constant term is zero and all of its other terms are rational. Therefore, f
cannot be factored into irreducible elements. Every multiple of f cannot be factored into irreducible
elements because every multiple of f has a constant term of 0. D is not quasi-atomic.
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Lemma 26. There are domains that are neither antimatter nor quasi-Furstenberg.
Proof. Let D =
⋃
∞
n=1 Z[x
1/n]. Note that D is the same as the domain from Example 12 except we
are allowing the constant term to be nonzero. D is not an antimatter domain because the rational
primes are irreducible.
Let α = x and let β any nonzero element of D. We can show that if an irreducible element pi
divides αβ, then pi must divide β as well. If pi has constant term 0, then pi is a multiple of xq for some
q ∈ Q+. But, x
q is not irreducible. Therefore, the constant term of pi is 0. But, the constant term of
βx is 0. Hence, pix | βx and pi | β. D is not quasi-Furstenberg.
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A Another Semi-Atomic Domain
In this section, we present another semi-atomic domain that is not also atomic. While this domain
shares certain similarities with the domain from Section 4, it is still different enough to warrant
attention in and of itself.
Let r1, r2, . . . be a countable set of Q-linearly independent real numbers with limit 0 and sum 1.
Let K be the subset of (Z+ ∪{0})Z+ in which all but finitely many terms have the same value. We
define an injection from K to R.
(a1, a2, . . .) 7→
∞∑
i=1
airi
Because the sequence on the left is bounded and the sum of the ri’s is 1, the map is well-defined.
It is injective because the ri’s are linearly independent over Q. Let S be the additively closed subset
of K generated by elements of the following two forms.
(i) Every ai is a multiple of 7 and not all ai are 0.
(ii) limi→∞ ai ∈ {3, 5}.
For a given element r = (a1, a2, . . .) ∈ S, we refer to limi→∞ ai as the limit L(r) of S. Let en be
the element in which an = 1 and ai = 0 when i 6= n.
Let X = {xα : α ∈ S} and R = F2[X ](X). F2[X ] is the set of polynomials in one variable x in
which the exponents are elements of S. R is the localization in which the polynomials with constant
term 1 have inverses. F2[X ] is a ring because S is closed under addition. (X) is a maximal ideal
because F2[X ]/(X) ∼= F2, which a field. Thus, R is well-defined.
Let M = S\(S + S) and 〈M〉 be the set of finite sums of elements of M .
Lemma 27. m ∈M if and only if m satisfies one of the following two conditions.
(i) m = 7en for some n ∈ Z+.
(ii) L(m) ∈ {3, 5} and every term in m is less than 7.
Proof. If m = 7en, then m − r /∈ S for all r with limit 3 or 5. In addition, m cannot be the sum of
two nonzero elements in which every term is a multiple of 7. Therefore, m ∈ M . If L(m) is either 3
or 5 and every term in m is less than 7, then m− 7en /∈ S for all n ∈ Z+. In addition, m− r /∈ S for
all r with limit 3 or 5 because L(m− r) < 3, even though every term is less than 7.
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Suppose m = (a1, a2, . . .) ∈ M . M is generated by elements with limit 0, 3, and 5. So, L(m) ∈
{0, 3, 5}. Suppose L(m) ∈ {3, 5}. If an > 6, then m − 7en ∈ S and m /∈ M . Hence, every an is at
most 6. Suppose L(m) = 0. It is impossible for m− r to be an element of S if L(r) > 0 because that
would imply that L(m− r) is negative. Thus, every an is a multiple of 7. If an > 7, then m−7en ∈ S.
If an, am 6= 0 for distinct n,m, then m− 7en ∈ S is nonzero. If L(m) = 0, then m = 7en.
Lemma 28. The only elements of S that do not belong to 〈M〉 are those with limit 7.
Proof. Let r = (a1, a2, . . .) ∈ S. We consider the possible values of L(r).
(i) L(r) = 0. If some ai is not a multiple of 7, then there exists some m with limit 3 or 5 such that
r −m ∈ S. This is impossible because L(r) = 0. Every ai is a multiple of 7 and there are only
finitely many nonzero ai. We may write r as a finite sum eb1 + . . .+ ebn where b1, . . . , bn form
a sequence of not necessarily distinct positive integers. r ∈ 〈M〉.
(ii) L(r) is 3 or 5. Only finitely many terms of r are greater than 6. We can subtract elements of
the form 7en from r until every term is smaller than 7. In the process, we have only subtracted
elements of M and obtained an element of M as the result. Once again, r ∈ 〈M〉.
(iii) L(r) = 6. r = r1 + r2 in which L(r1) = L(r2) = 3. Only finitely many terms are greater than 7
and we can subtract 7en for each one.
(iv) L(r) > 7. Every number greater that 7 can be expressed in the form 3x+5y with x, y ∈ Z+ ∪{0}
because 3 and 5 are relatively prime and (3 · 5)− (3 + 5) = 7. Either x or y is positive. Suppose
x is positive. We may subtract x− 1 elements with limit 3 and y elements with limit 5 from m
and obtain an element ending in 3. This reduces to the previous case. If y is positive, we obtain
a sequence ending in 5 and the proof is similar. r ∈ 〈M〉 again.
(v) L(r) = 7. Suppose r ∈ 〈M〉. Then, there exist m1, . . . ,mn ∈ M such that r = m1 + . . . +mn.
Each mi has limit 0, 3, or 5 by the previous lemma. But, it is impossible to express 7 in the
form 3x+ 5y with x and y non-negative integers. Therefore, r /∈ 〈M〉.
Theorem 29. R is not atomic.
Proof. Let α ∈ S\〈M〉. α is well-defined by the previous lemma. Consider the element xα ∈ R. Sup-
pose xα were atomic. Then, there would exist a finite set of irreducible polynomials f1(x), . . . , fn(x) ∈
R such that xα = f1(x) . . . fn(x). Each fi has the form x
β
i for some βi ∈ R. We have α = β1+ . . .+βn.
Because each fi is irreducible, fi ∈M . Therefore, α = β1+ . . .+βn ∈ 〈M〉, contradicting our original
assumption. Hence, R is not atomic.
In order to show that R is not semi-atomic, we will prove a lemma about the nature of R first.
Lemma 30. Every element of R is atomic or of the form xβg(x), where g(x) is atomic and β is an
element of S with limit 7.
Proof. Let f(x) ∈ R. Let f(x) = xα1 + . . .+ xαn , where each αi is a distinct element of S. (If some
αi is zero, then f is a unit.)
(i) There exists some i ≤ n such that L(αi) cannot be expressed in the form αi = 3x + 5y + 7z
with x and y non-negative and z positive. The only possible values for L(αi) are 0, 3, 5, and
6. In each case, we cannot express αi as a sum of more than C elements for some constant C.
Therefore, we cannot write f(x) as a product of more than C elements. f is atomic.
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(ii) For every i, there exist non-negative x and y and positive z such that αi = 3x+5y+7z. We may
keep dividing f(x) by elements of the form xβ in which the limit of β is 7. There exist β1, . . . , βm
with limit 7 such that f(x) = xβ1 . . . xβmg(x), where g(x) is an element of the previous case.
So, g(x) is atomic. If m > 1, then xβ1+...+βm is atomic because β1 + . . .+ βm ∈ 〈M〉. If m > 1,
then f is atomic. If m = 1, then f(x) = xβg(x), where L(β) = 7 and g is atomic.
Theorem 31. R is semi-atomic.
Proof. Let α be an element of S with limit 3 and no terms greater than 6. We show that xαf(x)
is atomic for any f(x) ∈ R. Note that xα is irreducible by Lemma 14. If f(x) is atomic, then so is
xαf(x).
Suppose f is not atomic. By Lemma 16, there exists some β ∈ S with limit 7 and atomic g(x) ∈ R
such that f(x) = xβg(x). So, xαf(x) = xα+βg(x). α + β has limit 10. By Lemma 15, α + β ∈ 〈M〉.
There existm1, . . . ,mn ∈M such that α+β = m1+ . . .+mn. In this case, xαf(x) = xm1 . . . xmng(x).
It is possible to express xαf(x) as a product of irreducible elements.
B A Correction
Let D = F2[X, y, Z](X,y,Z), where X = {x
α : α ∈ Q+} and Z = {x
αyk : α ∈ Q, k ∈ Z, k > 1}.
We prove that D is almost atomic, but not Furstenberg. Every element of D is the product of a
polynomial and a unit. For convenience, we only consider the polynomial parts of each element.
Lemma 32. The irreducible polynomials in R are precisely those in which the coefficient of y is 1
and the constant term is 0.
Proof. Let f(x, y) be a polynomial in R. If the constant term of f is 1, then f is a unit. Suppose
the constant term is 0. If the coefficient of y is not 1, then there exists some α ∈ Q+ such that
xα divides f(x). Of course, xα is not irreducible or a unit. Suppose y is a term in f . Suppose
f(x, y) = g(x, y)h(x, y), where g and h are polynomials in R. The product of one of the terms of g
and one of the terms of h is y. Therefore, 1 is a term of either g or h, making either g or h a unit. If
we multiply f by a unit, one of the terms is still y. In other words, if we write f as the product of
two elements of R, then one of those elements is a unit. f is irreducible.
Corollary 33. Let f(x, y) be a polynomial in R. If there exists a non-negative integer k such that
yk+1 is a term in f and f is a multiple of yk, then f is atomic.
Proof. Because f is a multiple of yk, there exists some g(x, y) ∈ R such that f(x, y) = ykg(x, y). One
of the terms of g is y. Therefore, g is irreducible and f is a product of irreducible elements.
Theorem 34. R is almost atomic.
Proof. Let f(x, y) ∈ R. f(x, y) is the product of a polynomial and a unit. We just consider the
polynomial part. Let xαyk be the first term of f in the lexicographic ordering on Z⊕Q. In other
words, we choose k to be as small as possible. If there is a tie, we choose the term with the smallest
α. There are a few cases.
(i) α = 0. yk is the smallest term of f(x, y). The exponent of y in any term of f is at least k.
If k = 0, then f is a unit. Otherwise, every term is a multiple of yk−1, making f atomic by
Corollary 1.
(ii) α < 0. By assumption, k > 1. Consider (y+x−α)f(x, y). If the exponent of y in a given term is
r with r ≥ 2, then that term is a multiple of yr−2. Thus, every term in f(x, y) is a multiple of
yk−2. Therefore, yk−1 divides yf . The smallest term in x−αf(x, y) is yk. Every term in x−αf
has the form xβyk with β ≥ 0 or xβyr with r > k. Either way, yk−1 divides xβyk. Hence, yk−1
divides x−αf . Thus, yk−1 | (y + x−α)f , which has yk as a term. (y + x−α)f(x, y) is atomic.
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(iii) α > 0 and f(x, y) does not contain a term of the form x−βyk+1 with β ∈ Q+. Consider
(y+ x−αy2)f(x, y). Every term in f(x, y) has the form xγyk with γ ≥ 0, xγyk+1 with γ ≥ 0, or
xγyr with γ ∈ Q and r > k + 1. All of these terms are multiples of yk. Therefore, yk+1 divides
yf(x, y). The smallest term in x−αy2f(x, y) is yk+2. Hence, yk+1 divides x−αy2f(x, y) as well.
(y + x−αy2)f(x, y) is almost atomic because it is a multiple of yk+1 and has yk+2 as one of its
terms.
(iv) α > 0 and f(x, y) contains a term of the form x−βyk+1 with β ∈ Q+. Choose β to be the largest
rational number in which x−βyk+1 is a term of f . Consider (y + xβ)f(x, y). Every term in
xβf(x, y) has the form xγyk with γ > 0, xγyk+1 with γ ≥ 0, or xγyr with γ ∈ Q and r > k+ 1.
All of these terms are multiples of yk+1. All of these terms are multiples of yk. Every term in
yf(x, y) has the form xγyk+1 with γ > 0 or xγyr with r > k + 1. Once again, these terms are
all multiples of yk. Hence, yk | (y + xβ)f(x, y). Also, (y + xβ)f(x, y) has yk+1 as a term.
In [2, Ex. 5.5.1], the authors claim that D is not almost atomic. But, we have just shown that
this is incorrect. They obtained this result due to a mistake in their Example 4.4.1. They claimed
that the irreducible elements of D are precisely those in which the smallest term is y when the terms
are put in lexicographic ordering as elements of Z⊕Q. In fact, the irreducible elements are simply
those which contain y as an element. For example, y+xα comes before y in the lexicographic ordering
for any α ∈ Q+. Unfortunately, D is the only example of a quasi-atomic domain that is not almost
atomic in [2]. Example 9 in this paper is quasi-atomic, but not almost atomic.
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